Modification methods for inverting matrices and solving systems of linear algebraic equations are developed from Broyden's rank-one modification formula. Several algorithms are presented that take as few, or nearly as few, arithmetic operations as Gaussian elimination and are well suited for the handling of data. The effect of rounding errors is discussed briefly.
Introduction.
This paper is concerned with the related problems of inverting matrices and solving linear nonhomogeneous algebraic systems of equations by a class of direct methods which we shall call modification methods. The adjective modification is used to describe these methods, for they are all based upon the modification of a matrix and its inverse by a matrix of rank one. Most of these methods are direct-that is, a solution to the problem is obtained by using a finite number of elementary arithmetic operations. The general formula that these methods are based upon, however, is iterative in nature, and iterative methods are also given.
Modification methods have been developed and published by other authors. These include the methods of Sherman and Morrison [30] , [31] , and [32] , and computational schemes and extensions based upon their work due to Woodbury [37] , Wilf [34] , [35] , Zielke [38] , Ershov [10] (as reported in Faddeev and Faddeeva [11] ), and Kron [23] . Methods developed by the author are found in Section 2 (for inverting matrices), in Section 6 (for inverting symmetric matrices), in Section 7 (iterative methods), and in Sections 8, 9, and 10 (for solving simultaneous linear equations). At first it was thought that all of these methods were new. Subsequent comparisons with the literature, however, revealed that, although the theoretical development underlying these methods was new, most of them were essentially equivalent to, or were a compact form of, known techniques. These techniques include Sherman and Morrison's modification method [31] , Hestenes' biorthogonalization method [17] , [18] , Gauss-Jordan elimination, Aitken's below-the-line elimina-tion method [1], PurceH's vector method [29] and its equivalent, Pietrzykowski's projection method [26] , and the bordering method.
The relationships between these methods and those developed by the author are explored in Sections 4, 5, 9, and 11. As a result of this analysis several of these methods are shown to be related that were previously thought not to be.
Brief discussions of the computational aspects of the modification methods developed here are found in Sections 3 and 12. Two algorithms, algorithm (2.8) for inverting matrices and algorithm (10.2) for solving systems of linear equations, are particularly interesting, since both require no more arithmetic operations than Gaussian elimination. Both of these algorithms were coded in APL and were tested computationally on several numerical examples. These results are found in Section 13.
The purpose of this paper is not to encourage the rejection of Gaussian elimination in favor of modification methods. Many fine computer codes for the former method, incorporating scaling, pivoting, and other error-reducing procedures, are in use and are readily available. Rather the purpose of this paper is to present a comprehensive exposition of modification methods.
Generalized Modification Methods for Matrix Inversion.
Consider the following algorithm based upon a general rank-one modification formula due to Broyden [41.
(0) Choose, as an initial approximation to A \ some nonsingular n X n matrix 2?<0). Let Xi ^ 0, • • ■ , xn ^ 0 be some set of mutually orthogonal n-dimensional column vectors. If algorithm (2.1) is to be at all useful, we should be able to choose an ordering of the orthogonal set of vectors jx,} and a permutation iu i2, ■ ■ ■ , /" so that the denominator in (2.1) does not vanish on any step. With this in mind we prove the following two lemmas. The first is a restatement of a result proved by Dennis [6, Theorem 5].
Lemma 2.1. If B'k~u is a nonsingular n X n matrix and if x'kB{k~uAxik 0, then Bih> is nonsingular.
Proof. Assume that Bk) is singular, i.e., B{k)u = 0 for some u ^ 0. From (2.1) we have that
Since the denominator is bounded and xk ^ 0, x'kB{k~1)u must equal zero. But this implies from (2.1) that B<k)u = S(*_1)u = 0, for u ^ 0 contradicting the hypothesis that B(k~1) is nonsingular. Hence, Blk) must also be nonsingular. This result is an immediate consequence of (2.5) for n = k. Theorem 2.2. If A is nonsingular, there exists an ordering of the vectors {xA and a permutation iu i2, • • • , in such that (2.1) is well defined (i.e., the denominator x'kBlk~l)'Axik does not vanish at the kth step).
It is assumed that (2.1) was well defined on all steps preceding the kth step. U'B'k~uARU is nonsingular since U, A, R and #<*~*) are nonsingular. Bl is jtonsingular by Lemma 2.1 so long as B U'B{k-l) is chosen nonsingular.
UoB11"" ARU, MB""" ARU,
by Lemma 2.2, where is a (k -l)st order identity matrix. The possible denominators in (2.1) on the kth step, allowing for reordering the vectors xk, ■ ■ ■ , xn and the permutation it, ■ ■ ■ , i", are just the elements of V'2B^k~uARU2. These cannot all be zero, for if they were, U'B(k~!)ARU would be singular. Since it is not singular, there must be some choice of xk, • • • , xn and some permutation that gives a nonvanishing denominator.
Actually, Theorem 2.2 is more restrictive than is necessary. On the kth step, if xik is fixed there must be some choice xt among the vectors xk, ■ ■ ■ , xn such that x'lBik'i) Axik ^ 0. Otherwise the /th row of U'B^'^ARU would equal zero, contradicting the nonsingularity of A.
The most natural choice for the set of orthogonal vectors is the set of unit vectors {«,{. With this choice, algorithm (2.1) becomes (0) Choose an n X n nonsingular matrix 5<0>. In step (ii)', c"' may equal zero. Theorem 2.2 and the discussion following it only guarantee that not all the c\k), i = k, ■ ■ ■ , n, computed in step (i)' will be zero if A is nonsingular. Thus, row interchange may be necessary. In practice, the actual interchange of rows may be avoided through the use of a permutation vector. Rather than using c{kkl as the denominator in (ii)', it is advisable to use cfk as the divisor, where
The subscript k would then be replaced by ik and i ^ k would be replaced by i ^ ik in (ii)'. This is the analog of partial pivoting in Gaussian elimination, i.e., of choosing as the pivot, an element of largest absolute value in the kth column. Henceforth, we shall assume that ik = k in (2.7).
The most economical choice for Bf0) both in terms of computer storage and the number of operations performed is the identity I. This leads to the following algorithm.
For k = 1, 2, • • • , n, As in algorithm (2.6), partial pivoting may be used (with appropriate permutations of integers). It will be shown later that the numbers clk), j = k, ■ ■ ■ , n, are equal to the elements uki of the upper triangular matrix U of Gaussian elimination assuming exact arithmetic is used. Choosing ik from (2.7) thus corresponds exactly to partial pivoting in Gaussian elimination.
Analogs of partial (row) pivoting and complete pivoting are also possible. These procedures require the computation of the inner products of all remaining columns of A (i.e., n -k + 1 columns at the /cm step), with the /cth row of Ba~1) in the former case and with the last n -k + 1 rows of B(k~1) in the latter case. As these greatly increase the amount of work required by the algorithm, they are not recommended.
An alternate form of algorithm (2.8) is obtained by replacing steps (2.8d)-(2.8f) by
These formulas require exactly the same number of multiplications, reciprocals, and additions and subtractions as formulas (2.8d)-(2.8f).
3. Computational Aspects. There are basically three important criteria for judging methods for inverting matrices on a computer. They are the number of arithmetic operations required, the storage and data handling requirements, and the susceptibility to rounding errors. A fourth, though less important criterion, is algorithmic complexity. Throughout this section, unless stated otherwise, we shall assume that 1^**1 = \cltn\ for all k and / > k; i.e., 4 = k. This is important for any analysis of numerical error, but has practically no effect on the storage and arithmetical requirements of the algorithms except for the general case of algorithm (2.1).
With regard to the first criterion, each iteration of algorithm (2.1) requires An1 + n multiplications, n divisions, and An2 -2n additions and subtractions. Each iteration of algorithm (2.6) requires In2 -n multiplications, n divisions, and In2 -In additions and subtractions. Algorithms (2.1) and (2.6), respectively, require approxi-mately 4 and 2 times as many operations as Gaussian elimination. Algorithm (2.6), however, is competitive with Hotelling's iterative formula [19] , if used to improve an approximate inverse, obtained by it or some other method.
The kth iteration of algorithm (2.8) requires n(2k -1) -1 multiplications, 1 reciprocal, and 2(n -l)(/c -1) additions and subtractions. For the complete inversion the totals are n3 -n multiplication, n reciprocals, and n3 -In2 4~ n additions and subtractions. These operational counts are identical to those for Gaussian elimination. Although the method of modification has been discussed by several authors, this fact seems to have gone unnoticed.
The handling of data for these methods is particularly convenient, since single columns of A (or rows of A if we work with A') are needed on each iteration. The standard forms of the Gauss and Gauss-Jordan methods require the entire matrix on each iteration, while the original versions of the Crout [5] and Doolittle [7] methods require, on the kth iteration, all as yet uncalled for components of the kth column and row. An algorithm can also be given for decomposing A into LU that changes only the kth column of A on the kth step. Only some brief comments will be made here with regard to the effect of roundoff. A more complete analysis will appear in a later paper. On each iteration, the effect of the algorithm is to postmultiply the matrix difference Ba~1> "' -A by an orthogonal projection operator. This suggests that the algorithm is not overly susceptible to rounding errors. Limited numerical experience (see Section 13) has tended to support this. On the other hand, even if partial pivoting is used, some of the ratios c^ /ckk) may be greater than one, as in Gauss-Jordan elimination, making it difficult to obtain error bounds. As discussed in Section 5, algorithm (2.8) and Gauss-Jordan elimination are very directly related. As in the Crout algorithm, the numbers c\k) in algorithms (2.6) and (2.8) should be computed as double-precision accumulated inner products before final rounding to single precision. This helps to keep the rounding errors small.
Lastly, the algorithms developed here are very simple to program and implement on a computer. The method of modification (or reinforcement** as it is called by Faddeev and Faddeeva [11] ) is based upon Bartlett's formula (2.3). We can invert a matrix A by considering it as the last matrix in a sequence of invertible matrices, A{0), A(1}, •■• , A'n) = A, each differing from the preceding one by a matrix of rank one, and using formula (2.3) to compute B = Aw" from B""'' = A1*""". V'Am tcßä Al*~u differ only in the kth column, and we choose the Arth column of Aa) to equal the kth column of A, then u = (A -A(k~1))ek and v = ek on the kth application of (2.3).
Making the appropriate substitutions yields
Since Btk'A'k) = I and ej;et = I, it is obvious that this method is equivalent to ** One of the referees has pointed out that "completion" is probably a better translation of the Russian "popolnenija". algorithm (2.6). If we choose the rank-one matrix difference between Ak 1 and A<l) to
we obtain the equivalent of the general algorithm (2.1) by application of (2.3) iteratively.
Although (4.1) and (2.6) with ik = k are identical if exact arithmetic is used, Powell [27] has shown, both theoretically and numerically, that the latter is to be preferred because it tends to suppress the contribution from any errors in B'h~1). A similar statement holds for the more general algorithms. Specifically, if Bik) and Ba~1) are approximations to Aa)" and Aa~u~\ where then one finds that B(t'"' -Aw = [Bik~u" -Alk-l)]Pk using the Broyden formula (2.1) and Ba)~l -Aa> = B'*"1'"' -A0"1' using the Bartlett formula.
Relationship to Other Methods.
One may view algorithm (2.6), i.e., Sherman and Morrison's method of modification, as a method for forming from the rows of Z?(0>, a basis that is dual or biorthonormal to the basis consisting of the columns of A, since after the kth step B'k> A, = e, for j = 1, 2, • • • , k. This dual basis is given by the rows of SU). It is not surprising, therefore, that algorithm (2.6) is also identical to Hestenes' biorthogonalization method [18] . If the Athrowof Btk) is left unchanged on the kth iteration, B k]'Aj = 5,e, for j = 1, ■ • • , k, where 5,-is a scalar, and the version of Hestenes' method described by Fox [12] is obtained. A 1 is then equal to D'1Bln), where D is a diagonal matrix whose Ath diagonal element equals 5k.
Hestenes recommends choosing 5<0) = A' [18] . With this choice of 5l0) or, in fact, any Bsuch that B<0) A is positive definite, he shows that the denominator in formula (2.6b). i.e., c[k), does not vanish so long as A is nonsingular and exact arithmetic is used. For numerical considerations, it is still preferable to employ partial pivoting.
Hestenes also shows that his algorithm (i.e., algorithm (2.6) is equivalent to applying Gauss-Jordan elimination with pivot row division by the pivot element to the matrix B'U)A. This can be seen by writing (2.6), with ik = k, as Ba) = (I -v^ek)Bik-l), where vik) = (B^'^A -DeK/e'kB{k~uAk. Now vlk) is chosen so that
By Lemma 2.2, B'k)'A: = e, for j < k as well. Thus
If B(0) = I, then we have A~1 expressed exactly as it is by the Gauss-Jordan algorithm. However, in modification algorithms, we do not record the elements of the "reduced" matrix B'k)A but only those of B'k); i.e., the modification algorithm (2.8) is a "compact" form of Gauss-Jordan. The form of Gauss-Jordan elimination described above is operationally identical to Aitken's below-the-line elimination method The connection between algorithms (2. [28] have independently developed a symmetric analog of Broyden's rank-one modification formula. Using Powell's [28] formula for updating the corresponding inverse, we arrive at the following general algorithm for inverting a symmetric matrix.
(0) Choose, as an initial approximation to A~l, some nonsingular symmetric nXn matrix Bm. Let xx ^ 0, • • • , xn ^ 0 be some set of mutually orthogonal vectors.
(1) Compute s<*> = fl<*-> + i {B(k-"xt\ßy.
-
where yk = B'k~"Axk -xk, a = y'kAxk, ß = x'kBa~uAxk, y = xlB(k~"xt and 5 = ay -ß2. For simplicity we have assumed that pivoting is not required. Using the generalized modification formula
where both U and V are n X 2 matrices, we can show that if the denominator does not vanish on any step, then
Bm~l -A = /V/Vi ••• P.CS"""' -A)P, ••• Pk.,Pk and A~l = BM.
Identity (6.2) is usually attributed to Woodbury [37] . However, Zielke [38] notes that it first appeared in a paper by Duncan [8] .
Each step of algorithm (6.1) requires An2 -\-0(n) multiplications and divisions. If the set of orthogonal vectors {xk\ are the coordinate vectors [ek], these requirements become In2 + 0(n), and formula (6.1) reduces to Zielke's formula [38] .
Other modification methods that preserve the symmetry of B(k), the matrix approximation to A~l, if A is symmetric, have been described by Householder [20], Wilf [34] , [35] , and Bodewig [3] . 7 . Improving an Approximate Inverse.
Algorithms (2.1) or (2.6) can also be used in an iterative manner to improve an approximation to A~1 that has been computed using these algorithms or some other inversion technique. If 5<0) is a fairly good approximation to A~\ pivoting will not be necessary, for Bi0)A ?ö I, and the remarks of Section 5, with regard to choices of B(0> such that B{0) A is positive definite, apply. Algorithms (2.1) and (2.6) can be applied in integral multiples of n iterations, as previously described in Section 3. The algorithms, however, may be terminated when some norm of B{k~1) A -/ becomes small enough.
One variant of algorithm (2.1) that is entirely iterative is to compute, on the Arth step, the eigenvector of B k~i)A -I corresponding to the eigenvalue of maximum modulus. This vector can then be used in formula (2.1) in place of xk (and xik). Caution must be used not to choose an eigenvector with eigenvalue -1, for this would cause the denominator in (2.1) to vanish. This could only happen if the matrix B{k'i)A has a zero eigenvalue; i.e., A is singular. The eigenvalue, £, need only be computed approximately, using, for example, the power method. After one iteration of algorithm (2.1) with xk £,(BWA -f) £ = 0, and since \\Pk\\ £ 1, H5""-1 -A\\ = p(t)_1 -A\\ from Eq. (2.4). Thus by these criteria, Blk) is a better approximation to A'1 than is Blk~u. This is a time-consuming procedure. However, it might be worth performing one such iteration to improve an approximate inverse, ß<n), obtained by algorithm (2.6), if the norm of the residual matrix corresponding to BU) was greater than some acceptable value.
If B*0)A is symmetric, as would be the case for B(0) = / and A symmetric, or Z?<0) = A', then the above procedure results in an «-step algorithm for inverting A. (This assumes that the eigenvalue problem is solved exactly, at each step.) If B{0)A is symmetric, there exists an orthogonal set of eigenvectors of 5<0) A, %u corresponding to eigenvalues \u X2, • • • , X". Therefore, from (2.1), B(1)A is obviously symmetric and has eigenvectors £2, • • • , £" corresponding to eigenvalues I, X2, • • • , \". When formula (7.2), with sub and superscripts 0 and 1 replaced by k -1 and k, is used in conjunction with the power method to determine the eigenvalues and eigenvectors of (B^k~1)A -I), and hence those of B^k~1) A, for k -1, • ■ • , n, the result is obviously a variant of the orthogonalization method for determining the intermediate eigenvalues and eigenvectors of a matrix. Formula (7.1) iteratively builds up the inverse matrix as the eigenvalues and eigenvectors are determined. In this section, we shall present several algorithms for solving systems of n linear equations in n unknowns that are based upon the rank-one modification formula (2.6). More general methods based upon the more general formula (2.1) can also be derived. However, these methods would require a much greater amount of computational effort than those that will be presented.
In Section 2, we proved that, allowing for row permutations of Blk), i.e., partial pivoting, and assuming that B{0> and A were both nonsingular, Bin) = R^A"1 where R is a permutation matrix. In order to simplify the following presentation, we shall assume that partial pivoting is unnecessary. This will be the case if all leading square submatrices of A are nonsingular. Under this assumption, the solution to the system of linear equations In formula (8.2), we do not need the matrix Ba~u on the Arth step, but rather the vector B^-^A,. Defining the vectors = Blk)Ah0^ k<j^ «, and </"<*,. = = B{k)b, 0 5= Ac rjS n, we obtain from (8.2) and (2.6) the following iterative scheme for computing the dik): There is an alternative scheme that lies somewhere between computing the full matrix Ba) and computing the vectors = Bw A> on the /cth iteration. We can compute the last n -k rows of B{k) on the /cth step, and, at the same time, compute the first k rows of the matrix Bw[Ak+u Ak+2, ■,An] = [dk{k\ , <*']. This method [15], however, requires f«3 + \n~ + %n multiplications and divisions, and |n3 -fn2 + %n additions and subtractions, whereas the corresponding counts for GaussJordan elimination, i.e., algorithm (8.4) , are \n3 -\-\r? and \nz -\n.
If we multiply both sides of formula (2. As in algorithms (2.6) and (2.8), incorporation of a partial pivoting scheme in the above two algorithms is advisable, and sometimes necessary. This is accomplished exactly as it is in the inversion algorithms.
Algorithm (8.6) requires a total of \n3 -\-\n2 4-\n multiplications and divisions and \n3 -\-n2 -\- § n additions and subtractions to solve an«X« system. The more general algorithm (8.8) requires n3 -\-\n2 -\-\n multiplications and divisions and n3 4-I"2 -\n additions and subtractions.
Klyuev and Kokovkin-Shcherbak proved that \n3 + n2 -\n multiplications and divisions and \n3 4-\n2 -\n additions and subtractions are the minimal numbers of these operations that are required to solve an n by n system of linear equations when using methods which employ linear combinations of rows or columns [22] . Strassen has shown that one can do even better than this, if one does not restrict oneself to operations on rows and columns as a whole [33] . Algorithm (8.6) is in the class of methods treated by Klyuev and Kokovkin-Shcherbak and requires only \n(n 4-1) more multiplications and divisions and \n2 4-in more additions and subtractions than the minimum amount required by such methods.
The more general algorithm (8.8) may be used instead of algorithm (8.6) at the expense of approximately tripling the number of operations that need be performed. for 1 £ i £ p £ n and i < / £ n 4-1, since C<p)e, = (c^/c^K for /> < y £ n + I and is zero otherwise. By the induction hypothesis e'iÄßit~1)ei -0 for 1 £ / £ /? -1 fS n and i < ,/ £ « 4-J and hence, so is the above for these values of i and j. But for i = p < j ^ n 4-1, we have from (8.8a) and the above that e^J^'e, = gl») _ (c<")/c^))c^) = o, concluding the proof.
From this theorem it follows that the /cth approximation to the solution of (8. This implies that the first k rows of the matrix A are orthogonal to the last n -k + I columns of Bik~1). Since A is nonsingular this implies that B{k~l), and hence from (8.7b ), that Ba'1) are singular. But as in the discussion preceding Eq. (8.11) we can show that B(0\ which is nonsingular, can be expressed as the product of Ba~1) with a unit upper triangular matrix, contradicting the singularity of B~'k~1). Therefore, at least one ^ 0, k f£ p :£ n.
These two theorems guarantee that algorithm (8.8) and, in particular, algorithm (8.6), with partial pivoting will find a solution to (8.1) for A nonsingular.
Relationship to Gaussian Elimination.
Although it is not obvious, algorithm (8.6) and Gaussian elimination are related. To demonstrate this, consider the n X (n 4-1) matrix An alternate method that is suggested by this analysis is the following:
Compute BM from (8.6a)-(8.6c) and L = AB(n) from (9.2). (/** = and has already been computed while forming B(n).) Solve the system Ly = b for y, and finally, compute x = B^y. This algorithm requires a total of \n\n 4-1) multiplications and divisions. This is just \n(n -f-1) less than the number required by GaussJordan elimination. However, it is approximately fifty percent more than either Gaussian elimination or algorithm (8.6) require for large n.
A More Efficient Method.
In the case of algorithm (8.6) (i.e., unit upper triangular B(k)), Theorem 8.1 shows that formulas (8.6a) through (8.6c) produce, on the kth step, solutions to the n -k sets of k equations. 
Relationship to Other Methods.
We have already discussed the relationship between algorithm (8.6) and Gaussian elimination. Since the operations of algorithm (8.6) are performed according to a compact scheme, the previous discussion is perhaps most pertinent to a comparison with the Crout form of Gaussian elimination. Algorithm (8.6) is even more closely related to other known methods. In fact, it is essentially equivalent to Purcell's vector method [29] , if one initiates that procedure with a set of n -f-1 dimensional vectors, eu ■ ■ ■ , en, vn+1, where vn+1 = (bu ■ ■ ■ ,bn, 1) ' and e" i = 1,2, • • ■ , n, are unit coordinate vectors. This equivalence is apparent from a comparison of the iterative formulas that define the two methods.
Algorithm (8.6) is also related to Hestenes' version of his biorthogonalization method [17] for solving systems of linear equations. In Hestenes' method, one applies the biorthogonalization algorithm to the matrix
The last column of the inverse of matrix (11.1) must be (J) where x is the solution to (8.1). Only this column is sought, and therefore, the complete biorthogonalization algorithm is not needed. Algorithm (8.6) is similar in that not all of the matrix B is updated. Hestenes suggests using the transpose of matrix (11.1) as the initial estimate of the inverse. If, however, the matrix (8.12) is used, then Hestenes' method becomes essentially equivalent to algorithm (8.6). In Hestenes' method the term to the right of the parentheses in (8.5) is first divided by the denominator and this is then multiplied by the term within the parentheses, while in algorithms (8.6) and (8. .ölt.. This is not the same as Hestenes' algorithm which starts with 5<0) equal to the transpose of matrix (11.1). Algorithm (8.6) and (10.2) are very closely related. Therefore, it is not surprising that the latter is also equivalent to special cases of Purcell's and Hestenes' methods. These equivalences are obtained if one uses the identity, i.e., the coordinate vectors <?,, e2, ■ ■ ■ , en+u as the set of basic vectors in the vector method. This corresponds to Purcell's choice. It is evident from the above discussion that Hestenes' and Purcell's methods are essentially equivalent. This fact, however, seems to have gone unnoticed. Algorithms (10.2) and (8.6) can also be shown to be compact forms of Aitken's below-the-line elimination method, i.e., a forward pass of Gaussian elimination, -b'
and if we associate matrix (8.12) with M<0> then formulas (11.4) and (11.5) are those of algorithm (8.6) , where Mw equals the matrix B~w of (8.7b). Algorithms (8.6) and (10.2) are also related to Morris' escalator method [24] , [25] and its equivalent, the method of orthogonal vectors [13] , especially when A is symmetric. In the escalator method, the matrix ßfn) is also computed. The formulas used in this computation are different from those of algorithms (8.6) and (10.2), although not as different as one might think at first. The computations performed in algorithms (8.6) and (10.2) that give rise to the first n columns of B( n) can be reordered as shown by Goldfarb [15] , so that they are very similar to those of the escalator method.
Algorithm (10.2) and, to a lesser extent, algorithm (8.6) are also very directly related to the bordering method. The bordering method is based upon the following easily proved lemma.
Lemma 11.1. Let the k X k square matrix Aw be partitioned as Operational counts have already been given. Based upon this criterion, the modification methods described for solving systems of linear equations compare favorably with other known methods.
They also appear attractive with regard to data handling and storage requirements. If one is willing to write over the original matrix, A, and right-hand side, b, then the methods discussed here all require the same amount of storage and are not much different from Gaussian elimination in its regular or compact forms. If A cannot be written over, then algorithms (8.6) and (10.2) require less additional storage for intermediate computations than do any of the compact forms of Gaussian elimination. The amount of additional storage locations required by algorithm (10.2) can be shown to be equal to the greatest integer less than or equal to \n2 + n + 2, as was first pointed out by Purcell [29] . The same result also holds for algorithm (8.6) .
Input of data is very convenient for algorithms (8.6) and (10.2) since single rows of the matrix A = [A j -b] are required on each iteration. (Algorithm (8.6) also requires the vector b initially.) These modification methods therefore, are particularly well suited for solving large problems with storage restrictions where handling of data may be a problem. The computations of algorithm (8.4), i.e., Gauss-Jordan elimination, can also be ordered so that only single columns of A need be input on each iteration.
A full discussion of the effect of rounding errors on the modification methods described above will be presented in a subsequent paper. However, some important points shall be mentioned here. If partial pivoting is employed in the usual sensei.e., one determines which c{k), j = k, ■ • ■ , n, is of maximum modulus, and uses it as the divisor in steps (8.6b) or (10.2b) with appropriate relabelling of the columns of A and BU)-one can only ensure that all multipliers, bik) = -cik)/cik), j = k+ 1, • • -, n, have absolute value less than or equal to one. This is of great importance in obtaining error bounds on the elements of the matrices B(k), k = I, ■ ■ ■ , n. However, if one wants error bounds on all elements of these matrices, one must also have that Ic^/cf'l £ 1 in (8.6d) and (8.6e) and |6J*>+1| g 1 in (10.2b ). This problem is easily resolved by extending the normal partial pivoting scheme to include cl+l. The solution vector, y, that is obtained by this process, assuming that pivoting never occurs in the pth column of A, is no longer the solution to the original set of Eqs. A scheme such as the one described can also be used with complete or maximal row pivoting in Gaussian elimination. As far as the author knows, this very simple idea has not been previously suggested. Further investigation of it is needed to determine its merits.
13. Numerical Examples.
Algorithms (2.6), (2.8) and (10.2) were programmed in APL/360 and tested on several problems. In APL/360 all numbers are carried to a precision of approximately 16 decimal digits, which is also the precision of internal calculations. The output exhibited below, however, has been rounded, for print-out purposes only, to either 5 or 10 decimal digits. Neither code employed a pivoting strategy.
Algorithm (2.8) was first tried on the following symmetric matrix A, also used by Faddeeva [11] for illustrative purposes. The computer output that follows should be self-explanatory. Using this same matrix (13.1) and a right-hand side equal to (0.3, 0.5, 0.7, 0.9)' algorithm (10.2) generated the following output. In the Arth segment of output, i.e., below the Arth C, the first line printed is c c.k\ chlk\, c"(*l followed by the last n columns of the matrix Ä(" -/, where 8ik) is the matrix (10.3) . The solution is found in the last column of the last block of output.
As an extreme test of algorithm (2.6), the 10 X 10 matrix A with elements ai' = W°\T+-)' ^ V2* 8 ' was inverted. One full pass of the algorithm resulted in the following inverse matrix, listed columnwise. The element of largest absolute value in the residual matrix, corresponding to this computed inverse, was approximately equal to 1.37 X 10""2. This was only slightly larger than the residual of maximum modulus, 1.04 X 10 s, obtained by using the operator\+] .
A second pass of algorithm (2.6) was performed, starting with the above approximate inverse as the initial guess, 2?l0). This produced a new approximate inverse, none of whose elements differed from the corresponding elements in the above matrix by more than 0.2 percent. The residual of maximum modulus was reduced to approximately 8.2 X 10~4. 
